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Abstract A super-soliton hierarchy and its super-Hamiltonian structure is obtained respec-
tively based on Lie super-algebra and associated super-trace identity.
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1 Introduction

A simple and efficient method to obtain continuous or discrete integrable systems was pro-
posed by Gui-zhang Tuin [1, 2]. Wen-xiu Ma further developed it and called it Tu model [3].
By taking advantage of it a family of integrable systems associated with physics back-
grounds have been obtained, such as AKNS hierarchy, KN hierarchy, BPT hierarchy, etc.
in [1-12]. With the development of soliton theory, recently, Wen-xiu Ma proposed a method
to obtain super-integrable system in [13]. The main ideas are as follows:

Let A be a commutative superalgebra over R or C, and G a matrix loop superalgebra over
A with the nondegenerate Killing form. Based on G we consider the following isospectral
problems

‘Pr:Uﬁl’:U(“,)h)’ (pI:V§07 )"l:()’ (1)

where u = (uy, us, ..., uq)T € AY is a potential consisting of commuting and anticommut-
ing variables, X is a spectral parameter.
The compatibility of (1) is the zero curvature equation

U —-V,+[U,V]=0, 2)

where [U,V]=UV —VU.
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If a equation
up=Ku) 3

can be work out through (2), we call (3) is a super-evolution equation,
If there is a super-Hamiltonian operator J and a functional H such that

SH
u;=Ku)=J—

Su’ @

then (3) is called a super-Hamiltonian equation. If so, we say that (3) has a super-
Hamiltonian structure.

2 The Super-Soliton Hierarchy
We first construct the following Lie superalgebra G

L(Loo L foro0 ARY
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where ey, e;, e3, are even and ey, e5 are odd, and [, -] and [, -], denote the commutator and
the anticommutator. The corresponding loop superalgebra G is given as follows

. 100 X 010 . 010
ep=5A"|0-10), e=3A"|100), e3=3A"|-100]),
000 000 000

2
001 000
e =5\ (0 0 0), es = 1A" (001), [er(m), ex(n)] = e3(m +n),
0—-10 100

[e1(m), es(n)] =ex(m +n), [e3(m),er(n)] =e(m+n),

6
[e1(m), ea(n)] = LU [ey(m), es(n)] = LU [es(m), es(n)] = L ©

2
les(m), e1(n)] = S [ey(m), es(n)] = S22 [ey(m), e3(n)] = S
les(m). es(n)]y = 2EHRZEEED ey (m), e4(n)]y = — HOHERIACED,

les(m), es(n)]4 = [es(m), es(n)]y = 5 (m +n).
Considering the super-isospectral problem as follows

o =[U,@l, U=e(=1)+uie2(0) + uze3(0) + uze4(0) + u4e5(0),

(N
A =0.

Taking

V= Z(amel(m) + meZ(m) + CmES(m) + dme4(m) + fm€5(m))- (8)

m=0
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Solving the stationary zero curvature equation V, = [U, V], give rise to
1 1
Ay = Uzby, — w1y + §u4dm + §M3fms
1 1
bmx =Cpyl — Uy — §u3dm + §u4fma
1 1
Cnx = b1 —ura, — §u3dm - §M4fms
1 1 1 1 1 1
dmx = Edm-#l + Eulfm + §u2fm — U3l — §u4bm — FU4Cpy,s (9)
1 1 1 1 1 1
f;nx = _Efm+l + iuldm - EMde - Eu’ibm + §u3cm + §u4ama

LZ():Ol:COHSt#O, bOZCOZd():fO:O, blzozul,

a1 =ad \usuy, o =auy, dy=aus, fi=ou.

Denoting
VY = "(anei(m —n) + buea(m — n) + cues(m —n)
m=0
10
t dyesm —n) + fues(m —n)), {10
VP =1y — v,

A direct calculation reads

" - 1 1
—V® LU, V" = cpp1e2(0) + byries(0) + Sdi1€s0) = 2 fuies©). (1)

Taking V™ = V| then the zero curvature equation
U —-Vv»+[Uu,v™1=0 (12)

admits the following superintegrable system

u) Cn+1 0 -1 0 O bn+1
w2 | buy |1 0 0 0 —Cntt | _gp |
Ur = - ld - 0 0 0 1 =J n+l1- ( 3)
u3 2dn+1 3 = fat1
1 1
us ), —5Jur1 0 0 5 O dyy
From the recursion relations in (9), a recurrence operation L meets P,; = L P,, where
ula_luz ula_lul —d —%Lm— %ula_lu_g %M:;-f-%l/t]a_lbu
—1 —1 1 1 —1 1 1 —1
—0 — U0 Uy —Uur0” Uy —SUg+ 5U07 U3 —SU3 — 5U0 Uy
- 2 2 2 2
us — M48_1M2 Uz — u48‘1u1 —20 + %u48_1u3 U — Uy — %u48_1u4
us +uzd uy  —us+usd'uy us+uy —%u38’1u3 28+%u33’1u4

(14)

3 Super-Hamiltonian Structure of the System (13)

Let a spectral matrix U be defined by

U=U(u,r)=eyA) tuje;(A) +---+uge,(A), u €A E €G 1<i<q, (15
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where A is a commutative superalgebra over R or C, G is a matrix loop superalgebra over A
with the nondegenerate Killing form, and E; € G, are A linearly independent. If we define
rank(U) = rank(a%) = const. Assume that if two solutions V;, V, € G of the stationary zero
curvature equation V, = [U, V] possess the same rank, then they are A linearly dependent
of each other: V; =y V,, y = const. From [13] we have the following two theorem

Theorem 1 (The supertrace identity) Let U = U(u, L) € G be homogeneous in rank. As-
sume that the stationary zero curvature equation has a unique solution V € G of a fixed rank
up to a constant multiplier. Then, there is a constant y such that

) a
E / str(advadyl)dx = A_Va—)h)n’”str(advaday/gu) (16)

holds for any solution V € G of stationary zero curvature equation, being homogeneous in
rank.

Theorem 2 Let V be a solution to the stationary zero curvature equation. Then the constant
in the supertrace identity is given by

Ad
y =_Ealn|str(advadv)|7 {17

if str(adyady) # 0.

Based on Lie superalgebra G in (5) and associated corresponding loop superalgebra G,
a direct calculation gives

_ as aa
0 as as B )
— —d a5
as 0 ai > >
ada = —d a 0 —%4 —% (18)
_ a4 _as _as ap ar+tas
2 2 2 2 2
s _daa a4 @mag ai
2 2 2 2 2

for a = ajey + arer, + azez + ases + ases € G, where ad,b =a,b],a,b € G, the bracket
[+, -] is the Lie superbracket of G. So, if we define the supertrace as follows

str(c) =ci1 +cm —cx3, c=ab, a,be G,
(19)

str(P) = p11 + p22 + P33 — Paa — Pss,

where ¢ = (¢;j)3x3, P = (pij)sxs and ab is the matrix product of a and b, then we have

str(ad,ady,) = 3str(ab). (20)
It is easy to compute that
a
Str(advady)\) = _ms
3 3
str(adyadyyjyu,) = Eb’ str(adyadyy jpu,) = —5¢
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3 3
S[r(advadgy/3u3) = —Ef, Str(advaday/3u4) = Ed
2D
According to the supertrace identity (16), we have
6 d )»Va)xy 3b > 3f3dT (22)
5u 2x2 R YR O R R A B
Comparing the coefficient of A" yields
8 1 o
u —gan+2 dx =y +n+1) bnr1, —Costs — furt1,dng1) . (23)
Since str(adyady) = %az # 0, we have y = 0. Therefore,
SHn An+2
P = , H,= —————— )dx,n>0. (24)
Su 3(n+1)
Hence, the system (13) has the following super-Hamiltonian structure
JP J‘S " H,= / _D2 )y n>0 (25)
U= n+1 = ) n xX,n = V.
! “ Su 3n+1)
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